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SYMPLECTIC STRUCTURES ON MODULI SPACES OF SHEAVES
VIA THE ATIYAH CLASS
A. KUZNETSOV AND D. MARKUSHEVICH
Abstract. It is proven that the composition of the Yoneda coupling with the semiregularity
map is a closed 2-form on moduli spaces of sheaves. Two examples are given when this 2-form is
symplectic. Both of them are moduli spaces of torsion sheaves on the cubic 4-fold Y . The first
example is the Fano scheme of lines in Y . Beauville and Donagi showed that it is symplectic but
did not construct an explicit symplectic form on it. We prove that our construction provides a
symplectic form. The other example is the moduli space of torsion sheaves which are supported
on the hyperplane sections H∩Y of Y and are cokernels of the Pfaffian representations ofH∩Y .
Introduction
The existence of symplectic or Poisson structures on various moduli spaces in differential and
algebraic geometry is rather a general phenomenon. Starting from the seminal work of Atiyah–
Bott [AB], such structures appeared mostly via the method of symplectic reduction, which was
further developed in order to produce Ka¨hler and hyper-Ka¨hler structures [KN]. Nowadays,
many results on holomorphic Poisson structures have been obtained by techniques of algebraic
geometry for moduli spaces of sheaves [Muk-1], [Bot-1], [O’G-1], [K] or related objects, including
Higgs pairs [Hi], [Bot-2], [BR], parabolic bundles [Bot-3], regular or meromorphic connections
[IIS].
Mukai [Muk-1] proved that any moduli space of simple sheaves on a K3 or abelian surface
has a nondegenerate holomorphic 2-form. Its closedness was proved later in [Muk-2], [O’G-1],
[Ran] for vector bundles, in [Bot-1] for torsion-free sheaves, and in [HL] for arbitrary sheaves.
Mukai’s result was extended in [Tyu] to moduli spaces of vector bundles over surfaces of general
type and over Poisson surfaces; a more thorough study of the Poisson case was accomplished in
[Bot-1]. Higher-dimensional generalizations were obtained in [K] and [Ran]. Kobayashi proved
that moduli spaces of simple vector bundles on a hyper-Ka¨hler manifold are holomorphically
symplectic. Ran extended the closedness result for the 2-form of Mukai’s type to simple vector
bundles on compact complex manifolds. In all these situations, the 2-form or a Poisson bivector
on the moduli space of sheaves is induced by that on the base space of the sheaves.
Beauville–Donagi [BD] discovered that the variety F (Y ) of lines in a smooth cubic 4-fold Y ⊂ P5
is holomorphically symplectic. Their proof is indirect: they identified F (Y ) for a special Y
with the length-2 punctual Hilbert scheme of a K3 surface, which is known to be an irreducible
symplectic manifold. This means that it is compact, simply connected, hyper-Ka¨hler and has
a unique holomorphic symplectic structure. Then the assertion for any smooth 4-dimensional
cubic follows by a deformation argument: any Ka¨hler deformation of an irreducible symplectic
manifold is also irreducible symplectic. This approach does not provide a recipe for constructing
a symplectic form on F (Y ).
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One can interprete F (Y ) as the moduli space parameterizing the structure sheaves of all the
lines on Y . The authors of [MT2] found another holomorphically symplectic moduli space of
sheaves P (Y ) on the cubic 4-fold Y . It parametrizes the torsion sheaves which are rank-2 vector
bundles on the hyperplane sections of Y with Chern numbers c1 = 0, c2 = 2 (see Theorem 7.1
for other equivalent characterizations of these sheaves). These examples both differ from the
previous ones by the fact that the symplectic structures on them are nomore induced by a
symplectic structure on Y itself: Y has no holomorphic forms at all.
One of the objectives of this paper is to find a general construction of closed p-forms on moduli
spaces which yields the symplectic structures in the above two examples. We produce such a
construction, involoving the Yoneda product with the Atiyah class of the sheaves and valid over
the smooth locus of all the moduli spaces of sheaves on an arbitrary smooth complex projective
variety.
The other objective of this paper is to gather some general techniques for working with the
Atiyah class of non-locally-free sheaves that might be useful in the study of our p-forms in other
examples. In particular, we relate the Atiyah class of a torsion sheaf to its linkage class (see
Sect. 3). The linkage class is crucial in our proof of the nondegeneracy of the 2-form on P (Y ).
This tool seems to be not widely known; it represents a certain novelty. As applications of the
general techniques, we also give shortcut formulas for 2-forms on the Hilbert scheme of l. c. i.
subschemes of a given smooth projective variety (Sect. 6) and an explicit computation of the
Beauville–Donagi symplectic form on F (Y ) (see (27), (28)).
Two other approaches to an explicit formula for the Beauville–Donagi form are described in
[dJS], [IMan]. The authors of [dJS] construct 2-forms on the moduli spaces of degree-d rational
curves in the cubic 4-fold. Their construction is specific for a cubic 4-fold and does not involve
main technical tools of our work, neither the Atiyah class, nor the linkage class. Their moduli
spaces contain open sets that can be identified as moduli of sheaves, parametrizing the structure
sheaves of the rational curves. The shortcut formula for Hilbert schemes from Sect. 6 implies
that our 2-form is proportional to that of de Jong–Starr over these open sets. The approach of
[IMan] is completely different and uses the embedding F (Y ) ⊂ G(2, 6).
Now we will briefly describe our construction of p-forms for the case p = 2. It involves the
following steps. The tangent space to the moduli space at a point [F ] representing a stable (or
just simple) sheaf F is canonically isomorphic to Ext1(F ,F), so we have to associate a complex
number to two elements of Ext1(F ,F). The first step is the Yoneda coupling
Ext1(F ,F)× Ext1(F ,F)−→Ext2(F ,F).
This bilinear map is skew-symmetric whenever [F ] is a nonsingular point of the moduli space.
Indeed, according to [Ar] and [Muk-1], the quadratic term of the obstruction map Ext1(F ,F)→
Ext2(F ,F) is the Yoneda square, so, if [F ] is smooth, then the Yoneda square vanishes and
the Yoneda coupling is skew-symmetric.
When the base space of the sheaves is a symplectic surface S with a symplectic form ω2,0 ∈
H0(S,Ω2S), Mukai composes the Yoneda coupling with the map
Ext2(F ,F)
Tr
−→ H2(S,OS)
∪ω2,0
−−−→ H2(S,Ω2S) = C,
and this ends the construction in the surface case. Over a n-dimensional base Y , we insert an
intermediate step: compose the Yoneda coupling with an exterior power of the Atiyah class
At(F) ∈ Ext1(F ,F ⊗ Ω1Y ):
Ext2(F ,F) ∋ ξ 7→ At(F)∧q ◦ ξ, Extq(F ,F ⊗ΩqY )× Ext
2(F ,F)
◦
−−→ Extq+2(F ,F ⊗ΩqY ). (1)
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The exponent q should be chosen in such a way that hq,q+2(Y ) 6= 0. Then we pick up an element
ω = ωn−q,n−q−2 ∈ Hn−q−2(Ωn−qY ), and, to end up in C, compose with the map
Extq+2(F ,F ⊗ ΩqY )
Tr
−→ Hq+2(ΩqY )
∪ωn−q,n−q−2
−−−−−−−−→ Hn(ΩnY ) = C, (2)
which provides the 2-form αω on the moduli space. The idea to couple Ext
2(F ,F) with powers
of At(F) was used by Buchweitz–Flenner [BuF1], [BuF2] to define an analog of the Bloch
semiregularity map for deformations of sheaves. Thus our approach combines the ideas of
Mukai and Buchweitz–Flenner.
Unlike Mukai’s case, in which the nondegeneracy of the 2-form immediately follows from the
Serre duality, our forms may be degenerate, and it is not so easy to prove that they are
nondegenerate or even nonzero in particular examples. For a cubic 4-fold, h1,3 = 1, so that
our construction provides a unique, up to a constant factor, 2-form α on every moduli space of
sheaves on Y . We prove the following general sufficient condition: α is nondegenerate at [F ] if
H i(F) = H i(F(−1)) = H i(F(−2)) = 0 for all i ∈ Z. (3)
This condition is verified for all sheaves in P (Y ), but not for the structure sheaves Oℓ of lines
ℓ ⊂ Y . However, we manage to apply this criterion to F (Y ) upon replacing Oℓ by the second
syzygy sheaf of Oℓ(1), see the last part of Section 4 and Section 5 for more details.
The adequate techniques for the proof of the nondegeneracy criterion are those of derived
category. The real reason of its validity is that the full triangulated subcategory CY ⊂ Db(Y )
of those F satisfying (3) is a kind of deformation of the derived category of a K3 surface (see
[Ku2]), and the moduli of sheaves in it behave like moduli of sheaves on a K3 surface. The
K3-type Serre duality Exti(F ,G) ∼= Ext2−i(G,F)∨ on CY is defined via the composition with
the linkage class ǫG ∈ Ext
2(G,G ⊗ N ∨Y/P5):
Exti(F ,G)× Ext2−i(G,F)
◦
−−→ Ext2(G,G)
ǫG◦·
−−−→ Ext4(G,G ⊗ Ω4Y )
Tr
−→ H4(Ω4Y ) = C,
where we use an isomorphism N ∨Y/P5
∼= Ω4Y . This implies the nondegeneracy of the forms α by
virtue of Theorem 3.2, which affirms that ǫG factors through At(G).
Remark that both CY and P (Y ) are quite intriguing objects associated to any smooth cubic 4-
fold Y . For special Y ’s, they are related to certain K3 surfaces. We state two conjectures: 1) Y is
rational if and only if CY is equivalent to the derived category of a K3 surface, and 2) P (Y ) has a
compactification, deformation equivalent to the O’Grady irreducible symplectic 10-fold [O’G-2].
See [Ku2] for some evidence confirming the first conjecture. The second conjecture would follow
from proving that when Y is a Pfaffian cubic, then the integral Fourier–Mukai functor with
kernel E described in loc. cit., Sect. 8, maps P (Y ) to the O’Grady 10-fold associated to the
K3 surface S, projectively dual to Y .
The construction of p-forms for any p is obtained by taking in its first step the p-linear Yoneda
product on Ext1(F ,F) in place of the bilinear one. In the sequel, we limit ourselves to p = 2
for notational convenience, and also in view of the particular importance of this case, including
symplectic structures. We will only briefly comment on what is known for other p’s. If p = 1,
our map ω 7→ αω is the adjoint of the infinitesimal Abel-Jacobi map of Buchweitz–Flenner,
a generalization of Griffiths’ map for a Hilbert scheme as defined in [Gri], Theorem 2.5. The
formula of Griffiths is the exact (p = 1)-analog of our formula (25). It is also worth noting
that Welters in [W], 2.8, in order to calculate the infinitesimal Abel-Jacobi map for curves on
a 3-fold X , embeds X into a 4-fold W and obtains a description, equivalent to our recipe of
taking product with the linkage class of the embedding X ⊂W .
For p ≥ 3, we refer to [T], where a cubic Yoneda coupling is used to produce a 3-form on
a particular moduli space of sheaves on a Calabi–Yau 3-fold X fibered in K3 surfaces St,
which makes this moduli space into another Calabi-Yau 3-fold Xˆ , a kind of mirror of X . It
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is interesting to note that the proof of the nondegeneracy of this 3-form in [T] implicitly uses
the linkage class of the embedding St ⊂ X , appearing as the connecting homomorphism δ in
Lemma 3.42.
Now we will describe the contents of the paper by sections. In Section 1, we collect reminders
on the tools needed in the sequel: trace map, functors Li∗, i! and duality for a closed embedding
i : Z →֒ Y , evaluation (or integral transform) and the Atiyah class. In Section 2, we provide
the construction of the 2-form α and prove that it is closed in adapting to our case the proof
of the closedness of Mukai’s form in [HL]. In Section 3, we define the linkage class ǫF of a
sheaf F supported on a locally complete intersection subscheme Y in a variety M and show
that ǫF factors through At(F). In Section 4, we show that on a cubic 4-fold, the product
with ǫG induces an isomorphism from Ext
•(F ,G) onto Ext•+2(F ,G(−3)) whenever F ,G ∈ CY ,
which implies the nondegeneracy of the 2-form α on any moduli space parametrizing sheaves
from CY . Section 5 represents the family F (Y ) of lines on a cubic 3-fold as a connected
component of a moduli space of sheaves from CY , hence the nondegeneracy of the 2-form α on
it is a consequence of the results of the previous section. Section 6 provides a simpler shortcut
formula for calculation of the 2-form in the case when the moduli space under consideration is
(the partial compactification of) the relative Picard of some Hilbert scheme of equidimensional
l. c. i. subschemes of Y . This formula implies that the 2-form lifts from the Hilbert scheme of
Y . As an application, we deduce explicit formulas in coordinates for the case of lines in a cubic
4-fold. The concluding Section 7 describes the 10-dimensional moduli space P (Y ).
Acknowledgements. The second author thanks Hubert Flenner for discussions. He also ac-
knowledges the hospitality of the Max-Planck-Institut fu¨r Mathematik in Bonn and the Mittag-
Leffler Institute in Stockholm, where was done the work on the present paper.
1. Preliminaries
1.1. Notation and conventions. Throughout the paper we use the field of complex numbers
C as the base field. Certainly, all results remain true for any algebraically closed field of zero
characteristic. On the other hand, the Hodge theory is used in the proof of closedness of the
forms, so this probably fails in positive characteristic. By an algebraic variety we mean an
integral separated scheme of finite type over the base field.
Given an algebraic variety Y we denote by Coh(Y ) the abelian category of coherent sheaves on
Y , and by Db(Coh(Y )) its bounded derived category. It is defined (see [Ve]) as the localization
of the homotopy category of bounded complexes of coherent sheaves with respect to the class
of quasiisomorphisms of complexes. There are also some unbounded versions of the derived
category: the bounded above derived category D−(Coh(Y )), the bounded below derived cat-
egory D+(Coh(Y )), and the unbounded derived category D(Coh(Y )). The derived category
is triangulated, it comes equipped with the shift functor F 7→ F [1] (induced by the shift of
grading on complexes) and with a class of distinguished (or exact) triangles, sequences of the
form F1 //F2 //F3 //F1[1] (generalizing short exact sequences of complexes), satisfying
a number of axioms.
All the standard functors on categories of coherent sheaves give rise to their derived func-
tors between the derived categories (see, e.g. [Ha]). Derived functors are compatible with
triangulated structures, i.e. commute with the shift functor and take exact triangles to ex-
act triangles. In particular, the tensor product ⊗ : Coh(Y ) × Coh(Y ) → Coh(Y ) gives rise
to the derived tensor product
L
⊗ : D−(Coh(Y )) × D−(Coh(Y )) → D−(Coh(Y )), the functor
of local homomorphisms Hom : Coh(Y )◦ × Coh(Y ) → Coh(Y ) gives rise to the derived
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local-Hom functor RHom : D−(Coh(Y ))◦ × D+(Coh(Y )) → D+(Coh(Y )), and the func-
tor of global homomorphisms Hom : Coh(Y )◦ × Coh(Y ) → Vect gives rise to the derived
global Hom-functor RHom : D−(Coh(Y ))◦ × D+(Coh(Y )) → D+(Vect), where Vect stands
for the category of vector spaces. Similarly, given a proper map f : X → Y of algebraic
varieties, the pushforward functor f∗ : Coh(X) → Coh(Y ) gives rise to the derived pushfor-
ward Rf∗ : Db(Coh(X)) → Db(Coh(Y )) and the pullback functor f ∗ : Coh(Y ) → Coh(X)
gives rise to the derived pullback Lf ∗ : D−(Coh(Y )) → D−(Coh(X)). In particular, when
f : X → SpecC is the projection to the point, the pushforward functor f∗ is nothing but the
functor of global sections Γ(X,−) and its derived functor is denoted by RΓ(X,−).
Given an object F ∈ D(Coh(Y )) we can consider its k-th cohomology sheaf Hk(F ). The coho-
mology sheaves of the derived functors applied to sheaves are the classical derived functors, e.g.
H−k(F
L
⊗G) = Tork(F,G), Hk(RHom (F,G)) = Ext
k(F,G), Hk(RHom(F,G)) = Extk(F,G),
Hk(Rf∗(F )) = Rkf∗(F ), H−k(Lf ∗(G)) = Lkf ∗(G), and Hk(RΓ(X,F )) = Hk(X,F ). This gives
a useful interpretation of Ext’s. We have
Extk(F,G) = Hk(RHom(F,G)) = H0(RHom(F,G)[k]) = H0(RHom(F,G[k])) = Hom(F,G[k]),
so we can consider an element of the space Extk(F,G) as a morphism F → G[k]. In this
interpretation the Yoneda multiplication of Ext’s corresponds to the composition of Hom’s.
The standard isomorphisms between functors give rise to isomorphisms between derived func-
tors. E.g., Hom(F,G) ∼= Γ(X,Hom (F,G)) gives RHom(F,G) ∼= RΓ(X,RHom (F,G)). Con-
sidering the cohomology sheaves, these isomorphisms give rise to spectral sequences, such as
the local-to-global spectral sequence
Ep,q2 = H
p(X, Ext q(F ,G)) =⇒ Extp+q(F ,G). (4)
Since in general the derived functors may take an object of the bounded derived category to an
unbounded object, the conditions ensuring boundedness are very useful. We will mention two
of them. An object F ∈ Db(Coh(Y )) is called a perfect complex if it is locally quasiisomorphic
to a finite complex of locally free sheaves of finite rank. If F is a perfect complex then the
functors RHom (F,−) and RHom(F,−) preserve boundedness. Moreover, the derived pullback
of a perfect complex is a perfect complex. Perfect complexes form a triangulated subcategory
of Db(Coh(Y )) called the category of perfect complexes.
A map f : X → Y is said to have finite Tor-dimension if the structure sheaf OX has finite Tor-
dimension over OY , i.e. for any point x ∈ X the local ring OX,x admits a finite flat resolution
over OY,f(x). If f : X → Y has finite Tor-dimension then the derived pullback functor preserves
boundedness and the derived pushforward functor takes perfect complexes to perfect complexes.
1.2. Traces. Let Y be an algebraic variety and E a vector bundle on Y . For every coherent
sheaf F on Y which is a perfect complex consider the composition
RHom (F ,F ⊗E) ∼= F∨
L
⊗F ⊗E → E,
where F∨ = RHom (F ,OY ) is the derived dual of F . The first map above is the canonical
isomorphism (it uses perfectness of F) and the second is the “contraction” map. Taking the
k-th cohomology, we obtain a natural map
Tr : Extk(F ,F ⊗E)→ Hk(Y,E),
the trace map (see [Ill]).
The most important property of the trace is additivity: if F1
φ1
//F2
φ1
//F3
φ3
//F1[1] is a distin-
guished triangle and a collection µi ∈ Ext
k(Fi,Fi⊗E) is compatible with the triangle (i.e. the
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diagram
F1
φ1
//
µ1

F2
φ2
//
µ2

F3
φ3
//
µ3

F1[1]
−µ1

F1 ⊗ E[k]
φ1⊗1E
// F2 ⊗ E[k]
φ2⊗1E
// F3 ⊗ E[k]
φ3⊗1E
// F1 ⊗E[k + 1]
is commutative), then
Tr(µ1)− Tr(µ2) + Tr(µ3) = 0
in Hk(Y,E).
Another important property is multiplicativity: if µ ∈ Extk(F ,F ⊗ E) and ϕ ∈ Extl(E,E ′)
then
ϕ ◦ Tr(µ) = Tr((idF ⊗ϕ) ◦ µ)
in Hk+l(Y,E ′).
1.3. Sheaves on a subvariety. Let i : Z →֒ Y be a closed embedding. If Z ⊂ Y is a locally
complete intersection, we denote by NZ/Y the normal bundle of Z in Y . Now let us compute the
cohomology sheaves Lki
∗F of the derived pullback functor for F = i∗F , where F is a coherent
sheaf on Z.
Lemma 1.3.1. If Z ⊂ Y is a locally complete intersection of codimension m then we have
Lki
∗i∗F ∼= F ⊗ ∧kN ∨Z/Y for 0 ≤ k ≤ m, and L>mi
∗i∗F = 0.
Proof. Since i is a closed embedding, it suffices to check that
i∗Lki
∗i∗F ∼= i∗(F ⊗ ∧
kN ∨Z/Y ), for 0 ≤ k ≤ m, and i∗L>mi
∗i∗F = 0.
By the projection formula we have i∗Lki
∗i∗F ∼= Tork(i∗F, i∗OZ). Since Z is a locally complete
intersection, it can be represented locally as the zero locus of a regular section of a rank m
vector bundle E on Y . Therefore, locally we have the Koszul resolution
0→ ∧mE∨ → ∧m−1E∨ → · · · → ∧2E∨ → E∨ → OY → i∗OZ → 0.
Using it to compute Tor-s we see that Tork(i∗F , i∗OY ) ∼= i∗F ⊗ ∧kE∨ ∼= i∗(F ⊗ ∧kE∨|Z) and it
remains to note that N ∨Z/Y
∼= E∨|Z . 
Now let us compute Ext k(F ,G) for F = i∗F , G = i∗G, where F and G are coherent sheaves
on Z.
Lemma 1.3.2. Assume that Z ⊂ Y is a locally complete intersection of codimension m. Let
F and G be coherent sheaves on Z and assume that F is locally free. Then we have
(i) Ext k(i∗F, i∗G) ∼= i∗(∧
kNZ/Y ⊗ F
∨ ⊗G) if 0 ≤ k ≤ m, and Ext k(i∗F, i∗G) = 0 otherwise.
(ii) Multiplication Ext l(i∗G, i∗H) ⊗ Ext
k(i∗F, i∗G) → Ext
k+l(i∗F, i∗H) corresponds under
isomorphisms (i) to the map ∧lNZ/Y ⊗ G
∨ ⊗ H ⊗ ∧kNZ/Y ⊗ F
∨ ⊗ G → ∧k+lNZ/Y ⊗ F
∨ ⊗ H
given by the wedge product ∧lNZ/Y ⊗∧
kNZ/Y → ∧
k+lNZ/Y and the contraction G
∨⊗G→ OZ .
Proof. For (i) we note that RHom (i∗F, i∗G) ∼= i∗RHom (Li∗i∗F,G) by the standard adjunction
between the pushforward and the pullback (see [Ha]). On the other hand, by Lemma 1.3.1
the complex Li∗i∗F has cohomology sheaves F ⊗ ∧kN ∨Z/Y , which are locally free. Therefore,
RHom (Li∗i∗F,G) has cohomology (F ⊗ ∧
kN ∨Z/Y )
∨ ⊗G ∼= ∧kNZ/Y ⊗ F
∨ ⊗G.
Assertion (ii) is local, so we may assume that Z is the zero locus of a regular section of a rank
m vector bundle E on Y , and that F , G and H are the restrictions from Y to Z of sheaves F ,
G and H. Then the tensor product of F and of the Koszul resolution of i∗OZ is a resolution of
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i∗F ∼= i∗i∗F ∼= F ⊗ i∗OZ , similarly for i∗G, and we use these resolutions to compute RHom -s.
It is clear that the multiplication RHom (i∗F, i∗G) ⊗ RHom (i∗G, i∗H) → RHom (i∗F, i∗H)
is induced by the wedge product ∧kE ⊗ ∧lE → ∧k+lE and by the contraction G∨ ⊗ G → OY .
Restricting to the cohomology we deduce the claim. 
The local-to-global spectral sequence (4) allows us to compute Extk(F ,G) for the sheaves
F = i∗F , G = i∗G. For the computation of the Yoneda multiplication on Ext-s the following
lemma is very useful.
Lemma 1.3.3. The maps
Hp1(V, Ext q1(G,H))⊗Hp2(V, Ext q2(F ,G))→ Hp1+p2(V, Ext q1+q2(F ,H))
induced by the composition on local Ext’s and by the cup-product on the cohomology commute
with the differentials of the spectral sequence and differ from the maps induced by the Yoneda
multiplication Extk1(G,H)⊗ Extk2(F ,G)→ Extk1+k2(F ,H) by the sign (−1)p1q2.
Proof. Follows from the fact that the isomorphism of functors RΓ ◦RHom ∼= RHom is com-
patible with multiplication upon an appropriate change of signs in the double complex on the
l. h. s. 
1.4. Traces and duality. Let f : Z → Y be a projective morphism of finite Tor-dimension.
It is well known that the (derived) pushforward functor Rf∗ : Db(Coh(Z)) → Db(Coh(Y ))
has a right adjoint functor, called the twisted pullback functor f ! : Db(Coh(Y ))→ DbCoh(Z))
(see [Ha]). The twisted pullback functor differs from the usual (derived) pullback functor by
the relative canonical class (and a shift), explicitly
f !F ∼= Lf ∗F ⊗ ωZ/Y [dimZ − dimY ].
Since f ! is right adjoint to Rf∗ we have a canonical duality isomorphism
Hom(G, f !F) ∼= Hom(Rf∗G,F) (5)
for all F ∈ Db(Coh(Y )), G ∈ Db(Coh(Z)). In particular, taking G = f !F we denote by
can the map Rf∗f
!F → F corresponding to the identity map f !F → f !F under the duality
isomorphism.
Lemma 1.4.1. Take any morphism ϕ : G → f !F . Then the morphism Rf∗G → F associated
to ϕ by the duality isomorphism coincides with the composition
Rf∗G
Rf∗ϕ
//Rf∗f
!F
can
//F . (6)
In particular, every map Rf∗G → F has a factorization (6) for some ϕ : G → f !F .
Proof. This is a standard consequence of adjointness. 
We will use the twisted pullback functor in case when f is a closed embedding of a locally
complete intersection subscheme. So, assume that Z ⊂ Y is a locally complete intersection of
codimension m, and i : Z → Y is the embedding. Then ωZ/Y = ∧
mNZ/Y and we have
i!F ∼= Li∗F ⊗ ∧mNZ/Y [−m]. (7)
In particular, if F is a vector bundle on Y , then i!F is a vector bundle on Z shifted by −m.
Proposition 1.4.2. Let Y be an algebraic variety, Z ⊂ Y a locally complete intersection
subscheme, i : Z → Y the embedding, E a vector bundle on Y , and F a coherent sheaf on Z
which is a perfect complex. Then the trace map Tr : Extk(i∗F, i∗F ⊗ E) → H
k(Y,E) factors
through Hk(Y, i∗i
!E)
can
−−→ Hk(Y,E).
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Proof. By definition, the trace map is induced by the contraction map (i∗F )
∨
L
⊗ i∗F ⊗ E → E
and by the projection formula we have (i∗F )
∨
L
⊗ i∗F ⊗ E ∼= i∗(Li∗((i∗F )∨ ⊗ E)
L
⊗ F ), hence
the contraction map factors through i∗i
!E
can
−−→ E by Lemma 1.4.1. By functoriality of the
cohomology, the trace map factors as well. 
In the case when k = m is the codimension of Z in Y , and F is locally free, the factorization
of the trace map can be described rather explicitly. In this case we can consider the following
composition of maps
Extm(i∗F, i∗F ⊗E)→ H
0(Y, Ext m(i∗F, i∗F ⊗E)) ∼=
∼= H0(Z, F ∨ ⊗ F ⊗ ∧mNZ/Y ⊗ E|Z)→ H
0(Z,∧mNZ/Y ⊗ E|Z) ∼=
∼= Hm(Z, i!E) ∼= Hm(Y, i∗i
!E)
can
−−→ Hm(Y,E). (8)
The first map here is the canonical projection, the second is the isomorphism of Lemma 1.3.2 (i),
the third is the trace map on Z, the fourth is the isomorphism (7), the fifth is evident, and the
last one is the canonical map.
Proposition 1.4.3. Let Y be an algebraic variety, Z ⊂ Y a locally complete intersection
subscheme of codimension m, i : Z → Y the embedding, E a vector bundle on Y , and F a
vector bundle on Z. Then the composition of the maps in (8) coincides with the trace map
Tr : Extm(i∗F, i∗F ⊗E)→ Hm(Y,E).
Proof. Indeed, by Lemma 1.3.2 (i) the complex (i∗F )
∨
L
⊗ i∗F ⊗ E has nontrivial cohomology
only in degrees from 0 to m, while i∗i
!E is concentrated in degree m by (7). Therefore, the
contraction map (i∗F )
∨
L
⊗ i∗F ⊗ E → i∗i!E factors through the m-th cohomology sheaf of
(i∗F )
∨
L
⊗ i∗F ⊗ E, i.e. through Ext
m(i∗F, i∗F ⊗E). The remaining part is evident. 
Finally, we will need the following description of the map Hm(Y, i∗i
!E)
can
−−→ Hm(Y,E).
Lemma 1.4.4. Let Y and Z be smooth varieties, Z ⊂ Y , m = codimY Z. The map
Hm(Y, i∗i
!E)
can
−−→ Hm(Y,E) is dual to the map
Hm(Y,E)∨ ∼= Hn−m(Y,E∨ ⊗ ωY )→ H
n−m(Z,E∨|Z ⊗ ωY |Z)
∼=
∼= H0(Z,E|Z ⊗ ω
−1
Y |Z ⊗ ωZ)
∨ ∼= H0(Z,E|Z ⊗ ∧
mNZ/Y )
∨ ∼= Hm(Z, i!E)∨ ∼= Hm(Y, i∗i
!E)∨
where the first and the third isomorphisms are given by the Serre duality on Y and Z respectively,
the second map is the restriction from Y to Z, the fourth isomorphism is the adjunction formula
for ωZ, the fifth is (7), and the last one is obvious.
Proof. The standard relation between the right adjoint and the left adjoint functors. When the
Serre duality takes place, the right adjoint functor (and its canonical map) is obtained from
the left adjoint functor by conjugation with the Serre functors. 
1.5. Evaluation. Let K be an object of the derived category D−(Coh(X × Y )). Let pr1, pr2 :
X × Y → X, Y be the projections. For every F ∈ D−(Coh(X)) we consider the object
ΦK(F) = R pr2∗(pr
∗
1F
L
⊗K) ∈ D−(Coh(Y )).
The object ΦK(F) will be called the evaluation of K on F . It is clear that evaluation is
functorial, both in F and in K. Functoriality in F means that ΦK is a functor from the derived
category D−(Coh(X)) to the derived category D−(Coh(Y )) (in other terminology such functors
are referred to as integral or kernel functors and the objects K are referred to as kernels).
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Functoriality in K means that to every morphism of kernels φ : K1 → K2 in D−(Coh(X × Y ))
corresponds a morphism ΦK1(F)→ ΦK2(F) in D
−(Coh(Y )) which we call evaluation of φ on F .
1.6. Atiyah classes. The Atiyah class was introduced in [At] for the case of vector bundles
and in [Ill] for any complex of coherent sheaves F . Let Y be an algebraic variety. Let ∆ : Y →
Y × Y denote the diagonal embedding. Let ∆(Y )(2) ⊂ Y × Y denote the second infinitesimal
neighborhood of the diagonal ∆(Y ) ⊂ Y × Y . In other words, if I∆ is the sheaf of ideals of the
diagonal ∆(Y ) ⊂ Y ×Y , then ∆(Y )(2) is the closed subscheme of Y ×Y defined by the sheaf of
ideals I2∆. Note that I∆/I
2
∆
∼= N ∨∆(Y )/Y×Y
∼= ΩY , hence we have the following exact sequence
0→ ∆∗ΩY → O∆(Y )(2) → ∆∗OY → 0. (9)
The corresponding class A˜t ∈ Ext1(∆∗OY ,∆∗ΩY ) is called the universal Atiyah class of Y .
Evaluation produces from the universal Atiyah class the usual Atiyah classes of sheaves on Y .
Indeed, it is clear that Φ∆∗OY (F)
∼= F , Φ∆∗ΩY (F)
∼= F ⊗ ΩY , so evaluation of A˜t on F gives
a class AtF ∈ Ext
1(F ,F ⊗ ΩY ) which is just the Atiyah class of F . See [HL], 10.1.5 for a
representation of AtF by a Cˇech cocycle, or [ALJ] for an approach via simplicial spaces.
2. Closed 2-forms on moduli spaces of sheaves
Let Y be a smooth complex projective variety of dimension n. Consider a moduli space M
of stable sheaves on Y as defined in Sect. 1 of [Si] (see also [LP]) or, more generally, any
pre-scheme representing an open part of the moduli functor SplY of simple sheaves [AK]. All
the considerations of this section have also their analytic counterpart in the case when Y is a
compact Ka¨hler manifold andM is the analytic moduli space (maybe, non-Hausdorff) of simple
vector bundles on Y , see [K]. However, we will need for later applications the case when M is
a component of the moduli space of torsion sheaves, so we cannot restrict ourselves to vector
bundles.
For any sheaf F whose isomorphism class [F ] ∈ M, the vector space Ext1(F ,F) is naturally
identified with the tangent space T[F ]M, and Ext
2(F ,F) is the obstruction space (see [Muk-1]).
The Yoneda pairing
Exti(F ,F)× Extj(F ,F)
Yoneda
−−−−→ Exti+j(F ,F), (a, b) 7→ a ◦ b
for i = j = 1 provides the bilinear map
Λ : Ext1(F ,F)× Ext1(F ,F)−→Ext2(F ,F). (10)
The obstruction map ob : Ext1(F ,F)−→Ext2(F ,F) is expressed in terms of the Yoneda pairing
by a 7→ a ◦ a. It has the following sense: an element a ∈ Ext1(F ,F) defines the isomorphism
class of a flat deformation F (1) of F over Y × SpecC[t]/(t2), and ob(a) = 0 if and only if F (1)
can be extended further to a flat deformation F (2) over Y × SpecC[t]/(t3). In particular, if [F ]
is a smooth point of M, then all the obstructions vanish: ob(a) = 0 ∀ a ∈ Ext1(F ,F). Thus
we have the following statement:
Lemma 2.1. Let Msm denote the smooth locus of M, and let [F ] be a point of Msm. Then the
bilinear map Λ defined by (10) is skew symmetric: Λ(a, b) = −Λ(b, a) for all a, b ∈ Ext1(F ,F).
Buchweitz and Flenner [BuF1], [BuF2] define the map
σ =
∑
q≥0
σq : Ext
2(F ,F)−→
⊕
q≥0
Hq+2(X,ΩqX), σ : c 7→ Tr (exp(−At(F)) ◦ c), (11)
which coincides with Bloch’s semiregularity map in the case when F = OZ for a subscheme Z.
It is proved in loc. cit. that for any simple coherent sheaf F , the map σ plays the same role for
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the moduli space of sheaves as Bloch’s semiregularity map for subschemes: M is smooth in [F ]
if σ is injective. This is the reason to call it semiregularity map for sheaves.
Composing Λ with σ : Ext2(F ,F)−→
⊕
Hq+2(Y,ΩqY ) for F ∈ M
sm, we obtain a family of
skew-symmetric bilinear forms on Ext1(F ,F) = T[F ]M, each one of which corresponds to
some element of the dual space (
⊕
Hq+2(Y,ΩqY ))
∨ =
⊕
Hn−q−2(Y,Ωn−qY ). These forms fit into
exterior 2-forms onMsm and are linear combinations of the forms αω with ω ∈ H
n−q−2(Y,Ωn−qY ),
defined as follows:
αω(v1, v2) = Tr(At
q
F ◦v1 ◦ v2) ∪ω ∩ [Y ], (12)
where v1, v2 ∈ T[F ]M and [Y ] is the fundamental class of Y .
Theorem 2.2. Let Y be a smooth complex projective variety of dimension n, M a moduli space
of stable or simple sheaves on Y , ω ∈ Hn−q−2(Y,Ωn−qY ). Then formula (12) defines a closed
2-form αω ∈ H0(Msm,Ω2).
Proof. This statement generalizes the known result for the case when Y is a surface (then σ is
just the trace map with values in H2(Y,OY )). Different proofs in the surface case for moduli
of vector bundles can be found in [Muk-2], [O’G-1], [Bot-1]. A proof for moduli of sheaves on
a surface was given in [HL]. Our proof, given below, is obtained by a slight modification of the
argument from [HL].
It suffices to prove that given a smooth affine variety S, for any S-flat sheaf F on S×Y defining
a classifying morphism τ : S−→Msm, s 7→ [Fs], the pullback τ ∗(αω) ∈ H0(S,Ω2S) is closed. The
latter 2-form is the following map:
TsS × TsS
KS×KS
−−−−−→ Ext1(Fs,Fs)× Ext
1(Fs,Fs)
Yoneda
−−−−→ Ext2(Fs,Fs)
At(Fs)q
−−−−→ Extq+2(Fs,Fs ⊗ Ω
q
Y )
Tr
−→ Hq+2(Y,ΩqY )
∪ω
−−→ Hn(Y,ΩnY ) ≃ C , (13)
where KS stands for the Kodaira–Spencer map.
The Kodaira–Spencer map has the following description in terms of the Atiyah class AtS×Y (F).
Denote by A(F) the image of AtS×Y (F) in H0(S, Ext
1
pr1
(F ,F ⊗ Ω1S×Y )), where pri is the
projection of S × Y to the i-th factor (i = 1, 2), and Ext ipr1 stands for the i-th derived functor
of pr1∗ ◦Hom : D
b(Coh(S × Y ))◦ × Db(Coh(S × Y )) → Db(Coh(S)). Note that we have a
relative analog of the local-to-global spectral sequence Hp(S, Ext qpr1(F ,G)) =⇒ Ext
p+q(F ,G).
Since S is affine this spectral sequence degenerates in the second term, so that we have an
isomorphism Exti(F ,G) ∼= H0(S, Ext ipr1(F ,G)).
Write A(F) = A′(F) + A′′(F) according to the direct sum decomposition Ω1S×Y = pr
∗
1Ω
1
S ⊕
pr∗2Ω
1
Y . Then KS is the composition
T S
1⊗A′(F)
−−−−−→ T S ⊗ Ext 1pr1(F ,F ⊗ pr
∗
1 Ω
1
S)−→
−→Ext 1pr1(F ,F ⊗ pr
∗
1(Ω
1∨
S ⊗ Ω
1
S))−→ Ext
1
pr1
(F ,F). (14)
Combining (13) and (14), we see that
τ ∗(αω) = (ω ∪ γ) ∩ [Y ], γ = Tr(A
′′(F)q ◦ A′(F)2) ∈ H0(S,Ω2S)⊗H
q+2(Y,ΩqY ).
Consider also the class γ˜ = Tr(AtS×Y (F)q+2) ∈ Hq+2(S × Y,Ω
q+2
S×Y ). According to [HL],
Sect. 10.1.6, it is dS×Y -closed, where dS×Y = dS ⊗ 1 + 1 ⊗ dY is the natural differential on
Hp(S × Y,ΩqS×Y ) induced by the De Rham differential on Ω
•
S×Y . Hence
dS×Y (ω ∪ γ˜) = dS×Y (ω) ∪ γ˜ + (−1)
n−qω ∪ dS×Y (γ˜) = 0.
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Recall that the groups Hp(S × Y,ΩqS×Y ) have a Ku¨nneth decomposition
Hp(S × Y,ΩqS×Y ) =
⊕
i,j
H i(S,ΩjS)⊗H
p−i(Y,Ωq−jY ).
Since S is affine we have H i(S,ΩjS) = 0 for i > 0, therefore ω ∪ γ˜ ∈ H
n(S × Y,Ωn+2S×Y ) is
the sum of the Ku¨nneth components fj ∈ H0(S,Ω
j
S) ⊗ H
n(Y,Ωn+2−jY ), j ≥ 2, and we have
f2 =
(
q+2
2
)
ω ∪ γ ∈ H0(S,Ω2S) ⊗ H
n(Y,ΩnY ). As Y is projective, dY vanishes on H
p−i(Y,Ωq−jY ),
hence the closedness of ω ∪ γ˜ implies that of fj for any j. In particular, ω ∪ γ is closed. Let
us represent ω ∪ γ in the form τ ∗(αω) ⊗ η with τ ∗(αω) ∈ H0(S,Ω2S), where η is a generator of
Hn(Y,ΩnY ), dual to [Y ]. Then
0 = dS×Y (ω ∪ γ) = dS×Y (τ
∗(αω)⊗ η) = dS(τ
∗(αω))⊗ η,
which implies that dS(τ
∗(αω)) = 0. 
Thus we have constructed closed 2-forms αω onM
sm. In general, these forms may be degenerate,
but, as we will see, they are symplectic in some examples.
3. The linkage class
Let M be an algebraic variety and Y ⊂ M , a locally complete intersection subvariety of
codimension m. Denote by i : Y → M the embedding. Let F be a coherent sheaf on Y , then
i∗F is a coherent sheaf on M supported on Y . As we have shown in Lemma 1.3.1, the derived
pullback Li∗(i∗F) considered as an object of the derived category Db(Coh(Y )) is a complex
with (m+1) nontrivial cohomology, F at degree 0, F⊗N ∨Y/M at degree −1, and so on. Consider
the canonical filtration of this object. Its associated graded factors are the shifted cohomology
sheaves, explicitly F ⊗ ∧kN ∨Y/M [k]. So the object Li
∗i∗F provides us with extension classes
ǫkF ∈ Ext
1(F ⊗ ∧kN ∨Y/M [k],F ⊗ ∧
k+1N ∨Y/M [k + 1])
∼= Ext2(F ⊗ ∧kN ∨Y/M ,F ⊗ ∧
k+1N ∨Y/M). The
most important of them, ǫF := ǫ
0
F ∈ Ext
2(F ,F ⊗N ∨Y/M) will be called the linkage class of F .
If Y ⊂ M is a divisor, the linkage class ǫF ∈ Ext
2(F ,F ⊗ N ∨Y/M)
∼= Ext2(F ,F ⊗ OY (−Y ))
completely determines the derived pullback Li∗i∗F , namely there is a distinguished triangle
Li∗i∗F //F
ǫF
//F ⊗OY (−Y )[2]. (15)
In other words, Li∗i∗F , up to a shift, is a cone of ǫF .
Proposition 3.1. The linkage class ǫF ∈ Ext
2(F ,F ⊗ N ∨Y/M) is defined for any object F of
the derived category Db(Coh(Y )) and is functorial, i. e. for any morphism ϕ : F → G in
Db(Coh(Y )) we have a commutative diagram
F
ǫF
//
ϕ

F ⊗N ∨Y/M [2]
ϕ⊗1

G
ǫG
// G ⊗ N ∨Y/M [2]
Proof. Let ∆ : Y → Y ×Y be the diagonal embedding, and denote ı˜ = (1×i) : Y ×Y → Y ×M .
Then by Lemma 1.3.1, for any coherent sheaf F on Y × Y the cohomology sheaves of the
derived pullback Lı˜∗ ı˜∗F are isomorphic to F ⊗ pr
∗
2 ∧
kN ∨Y/M . Therefore, we have an extension
class ǫ˜F ∈ Ext
2(F, F ⊗ pr∗2N
∨
Y/M). Take F = ∆∗OY and consider ǫ˜ := ǫ˜∆∗OY as a morphism
11
∆∗OY → ∆∗OY ⊗ pr∗2N
∨
Y/M [2]
∼= ∆∗N ∨Y/M [2]. Now for any object F ∈ D
b(Coh(Y )) the
evaluation of ǫ˜∆∗OY gives a morphism
F ∼= pr2∗(pr
∗
1F ⊗∆∗OY )
ǫ˜
// pr2∗(pr
∗
1F ⊗∆∗N
∨
Y/M [2])
∼= F ⊗N ∨Y/M [2]. (16)
It is clear that if F is a coherent sheaf, then this morphism considered as an element of
Ext2(F ,F ⊗N ∨Y/M) coincides with the linkage class ǫF defined above, so (16) can be considered
as an extension of the definition of the linkage class to the whole derived category. Moreover,
(16) also shows that ǫF is the evaluation of the universal class ǫ˜ and hence is functorial. 
Actually, the linkage class can be expressed in terms of the Atiyah class. Consider the adjunction
exact sequence
0 //N ∨Y/M
κ
//ΩM |Y
ρ
//ΩY //0 (17)
and denote by κ = κY/M : N ∨Y/M → ΩM |Y , ρ = ρY/M : ΩM |Y → ΩY the maps in (17), and by
ν = νY/M ∈ Ext
1(ΩY ,N ∨Y/M) the extension class of (17).
Theorem 3.2. Let i : Y →M be a locally complete intersection.
(i) For any F ∈ Db(Coh(Y )), the linkage class ǫF ∈ Ext
2(F ,F ⊗ N ∨Y/M) is the product of the
Atiyah class AtF ∈ Ext
1(F ,F ⊗ ΩY ) with νY/M . In other words ǫF = (1F ⊗ νY/M ) ◦ AtF .
(ii) For any G ∈ Db(Coh(M)) we have
AtLi∗G ∼= ρ∗((AtG)|Y ),
where ρ∗ : Ext
1(Li∗G, Li∗G⊗ΩM |Y )→ Ext
1(Li∗G, Li∗G⊗ΩY ) is the pushout via ρ : ΩM |Y → ΩY .
(iii) For any F ∈ Db(Coh(Y )) the image of the Atiyah class Ati∗F ∈ Ext
1(i∗F , i∗F ⊗ ΩM) in
Hom(L1i
∗i∗F ,F ⊗ΩM |Y ) = H
0(M, i∗(F∨⊗F ⊗NY/M ⊗ΩM |Y )) = Hom(F ⊗N
∨
Y/M ,F ⊗ΩM |Y )
equals 1F⊗κ. In the particular case when F is locally free on Y , we have Hom (F⊗N
∨
Y/M ,F⊗
ΩM |Y ) = Ext
1(i∗F , i∗F ⊗ΩM ), and the image of Ati∗F in H
0(M, Ext 1(i∗F , i∗F ⊗ΩM)) under
tha map coming from the local-to-global spectral sequence is also 1F ⊗ κ.
Proof. Let ∆Y : Y → Y × Y and ∆M : M →M ×M denote the diagonal embeddings, and let
Γ : Y → M × Y be the graph of i : Y →M . Then we have a commutative diagram
Y
∆Y

Y
i
//
Γ

M
∆M

Y × Y
i×1
// M × Y
1×i
// M ×M
Note that both squares of the diagram are cartesian. Let ∆M(M)
(2), Γ(Y )(2) and ∆Y (Y )
(2)
denote the second infinitesimal neighborhoods of ∆M (M) in M × M , Γ(Y ) in M × Y and
∆Y (Y ) in Y × Y respectively. On M ×M we have the short exact sequence
0→ ∆M∗ΩM → O∆M (M)(2) → ∆M∗OM → 0
representing the universal Atiyah class on M . Consider its pullback to M × Y . Since M × Y
intersects ∆M(M) transversely, the higher derived inverse images of 1× i are zero, and we have
an isomorphism (1 × i)∗∆M∗G ∼= Γ∗i∗G for any coherent sheaf G on M . Moreover, it is clear
that (1× i)∗(O∆M (M)(2))
∼= OΓ(Y )(2) , hence we obtain the exact sequence
0→ Γ∗ΩM |Y → OΓ(Y )(2) → Γ∗OY → 0. (18)
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By definition, this sequence represents the restriction to Y of the universal Atiyah class of M .
On the other hand, it is clear that the map OΓ(Y )(2) → Γ∗OY factors through (i× 1)∗O∆Y (Y )(2) ,
hence we have a commutative diagram
0 // Γ∗ΩM |Y //
ρ

OΓ(Y )(2) //

Γ∗OY // 0
0 // (i× 1)∗∆∗ΩY // (i× 1)∗O∆Y (Y )(2)
// (i× 1)∗∆∗OY // 0
Since the bottom line represents the universal Atiyah class of Y , we deduce part (ii).
Now consider the pullback of (18) to Y × Y . This time the intersection of Y × Y with Γ(Y ) is
not transversal. Actually, we have Γ∗F ∼= (1× i)∗∆Y∗F for any coherent sheaf F on Y , hence
by Lemma 1.3.1 we have (1 × i)∗Γ∗F ∼= ∆Y ∗F , L1(1 × i)∗Γ∗F ∼= ∆Y ∗(F ⊗ N ∨Y/M), and so on.
Moreover, it is clear that (i × 1)∗(OΓ(Y )(2)) ∼= O∆Y (Y )(2) , hence we obtain the following long
exact sequence
· · · → L1(1× i)
∗OΓ(Y )(2) → ∆Y ∗N
∨
Y/M → ∆Y ∗ΩM |Y → O∆Y (Y )(2) → ∆Y ∗OY → 0. (19)
The map ∆Y ∗N ∨Y/M → ∆Y ∗ΩM |Y in this sequence is the image of the universal Atiyah class of
M , restricted to Y , under the natural map
Ext1(Γ∗OY ,Γ∗ΩM |Y ) ∼= Ext
1((i× 1)∗∆∗OY , (i× 1)∗∆∗ΩM |Y ) ∼=
∼= Ext1(L(i× 1)∗(i× 1)∗∆∗OY ,∆∗ΩM |Y )→ Hom(L1(i× 1)
∗(i× 1)∗∆∗OY ,∆∗ΩM |Y )→
→ Hom((N ∨Y/M ⊠OY )⊗∆∗OY ,∆∗ΩM |Y )
∼= Hom(∆∗N
∨
Y/M ,∆∗ΩM |Y ),
so for part (iii) it suffices to check that this map is κ. Comparing (19) with the sequence
0→ ∆Y ∗ΩY → O∆Y (Y )(2) → ∆Y ∗OY → 0,
we see that the map ∆Y ∗ΩM |Y → O∆Y (Y )(2) in (19) factors through ∆Y ∗ΩY . It is clear that the
arising map ΩM |Y → ΩY is the restriction of differential forms, hence its kernel is isomorphic
to N ∨Y/M . Thus we see that the map L1(1 × i)
∗OΓ(Y )(2) → ∆Y ∗N
∨
Y/M in (19) must be zero and
the last 4 terms of (19) form an exact sequence
0 //∆Y ∗N ∨Y/M
κ
//∆Y ∗ΩM |Y //O∆Y (Y )(2) //∆Y ∗OY //0. (20)
So, part (iii) follows. Finally, the Yoneda class of the extension (20) by definition equals
ǫ˜ ∈ Ext2(∆Y ∗OY ,∆Y∗N
∨
Y/M). On the other hand, as we have seen above this class factors as
ǫ˜ = ∆Y ∗(νY/M)◦A˜t, where A˜t ∈ Ext
1(∆Y ∗OY ,∆Y ∗ΩY ) is the universal Atiyah class. Evaluating
this equality on any F ∈ Db(Coh(Y )) we deduce part (i) of the theorem. 
4. Application to cubic fourfold
From now on we take M = P5 and Y ⊂ P5, a smooth cubic fourfold. Let i : Y → P5 denote
the embedding. Note that Ω4Y
∼= OY (−3) ∼= N ∨Y/P5. This coincidence will be important below.
Consider the full triangulated subcategory CY ⊂ Db(Coh(Y )) defined by
CY = {F ∈ Db(Coh(Y )) | Ext
•(OY ,F) = Ext
•(OY (1),F) = Ext
•(OY (2),F) = 0}
= {F ∈ Db(Coh(Y )) | H•(Y,F) = H•(Y,F(−1)) = H•(Y,F(−2)) = 0}.
(21)
Proposition 4.1. Assume that F ,G ∈ CY . Then the multiplication by the linkage class ǫG ∈
Ext2(G,G(−3)) induces an isomorphism Extp(F ,G) ∼= Extp+2(F ,G(−3)) for all p.
Proof. Consider the Beilinson spectral sequence for i∗G (see [Bei, OSS])
E−p,q1 = H
q(P5, i∗G(−p))⊗ Ω
p
P5
(p) =⇒ i∗G (p = 0, 1, . . . , 5).
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Note that H•(P5, i∗G(−p)) = H•(Y,G(−p)), hence E
0,q
1 = E
−1,q
1 = E
−2,q
1 = 0 for all q since
G ∈ CY . It follows that the derived pullback Li∗i∗G is contained in the triangulated subcategory
of Db(Coh(Y )) generated by i∗Ω3
P5
(3), i∗Ω4
P5
(4), and i∗Ω5
P5
(5). On the other hand, the standard
resolutions
0→ OP5(−3)→ OP5(−2)
⊕6 → OP5(−1)
⊕15 → Ω3
P5
(3)→ 0,
0→ OP5(−2)→ OP5(−1)
⊕6 → Ω4
P5
(4)→ 0,
and an isomorphism OP5(−1) ∼= Ω
5
P5
(5) show that this subcategory coincides with the subcat-
egory of Db(Coh(Y )) generated by OY (−3), OY (−2) and OY (−1). But note that the Serre
duality gives
Extp(F ,OY (−3)) ∼= Ext
4−p(OY ,F)∨ = 0,
Extp(F ,OY (−2)) ∼= Ext
4−p(OY (1),F)∨ = 0,
Extp(F ,OY (−1)) ∼= Ext
4−p(OY (2),F)∨ = 0,
which implies that Ext•(F , Li∗i∗G) = 0. Applying the functor Hom(F ,−) to the distinguished
triangle (15) for G, we deduce the proposition. 
Remark 4.2. Combining the isomorphism Extp(F ,G) ∼= Extp+2(F ,G(−3)) of the proposition
with the Serre duality Extp+2(F ,G(−3)) ∼= Ext2−p(G,F)∨, we obtain a duality
Extp(F ,G) ∼= Ext2−p(G,F)∨ for any F ,G ∈ CY . (22)
This duality, in fact, is the Serre duality for the triangulated category CY . In other words, the
Serre functor (see [BK]) of CY equals to the shift by 2 functor. This fact was proved earlier
in [Ku1] by the same argument.
Using the isomorphism Ext1(ΩY ,N ∨Y/P5)
∼= H1(Y, TY ⊗ OY (−3)) ∼= H1(Y,Ω3Y ), we consider
the extension class νY/P5 ∈ Ext
1(ΩY ,N ∨Y/P5) of the adjunction sequence (17) as an element of
H1(Y,Ω3Y ).
Theorem 4.3. Let M be a moduli space of stable sheaves on a cubic 4-fold Y such that for
every sheaf F with [F ] ∈ M we have H•(Y,F) = H•(Y,F(−1)) = H•(Y,F(−2)) = 0. Then
the closed 2-form αν ∈ H0(Msm,Ω2) corresponding to the class ν = νY/P5 ∈ H
1(Y,Ω3Y ) is
nondegenerate.
Proof. Let [F ] ∈ Msm. Recall that for any a, b ∈ Ext1(F ,F) the form αν(a, b) is defined as
ν ◦Tr(AtF ◦a ◦ b). By multiplicativity of the trace, this is equal to Tr((1F ⊗ ν) ◦AtF ◦a ◦ b). In
other words, we apply the Yoneda multiplication map
Ext1(F ⊗ΩY ,F⊗N
∗
Y/P5)⊗Ext
1(F ,F⊗ΩY )⊗Ext
1(F ,F)⊗Ext1(F ,F)→ Ext4(F ,F ⊗N ∗Y/P5)
to (1F ⊗ ν)⊗ AtF ⊗a⊗ b and then the trace map
Tr : Ext4(F ,F ⊗N ∨Y/P5)
∼= Ext4(F ,F(−3))→ H4(Y,OY (−3)) = C.
Since the Yoneda multiplication is associative we have
Tr((1F ⊗ ν) ◦ AtF ◦a ◦ b) = Tr((ǫF ◦ a) ◦ b)
by Theorem 3.2 (i). It remains to note that the map Ext1(F ,F) → Ext3(F ,F(−3)),
a 7→ ǫF ◦ a is an isomorphism by Proposition 4.1, and that the Serre duality pair-
ing Ext3(F ,F(−3))⊗ Ext1(F ,F)
◦
// Ext4(F ,F(−3))
Tr
//H4(Y,OY (−3)) = C is nondegen-
erate. 
There are two well-known examples of symplectic moduli spaces of sheaves on a cubic fourfold Y .
The first one [BD] is the Hilbert scheme of lines on Y , which we will denote by F (Y ). It was
shown in [BD] that F (Y ) is an irreducible symplectic variety of dimension 4. The second one
[MT2] is (an open subset of) the moduli space of torsion sheaves of the form i∗E , where E is a
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vector bundle of rank 2 with c1 = 0 and c2 = 2[ℓ] on a smooth hyperplane section Y
′ of Y , and
i : Y ′ → Y is the embedding. This variety P (Y ) is 10-dimensional and the map P (Y ) → Pˇ5
taking a sheaf i∗E to its support hyperplane section Y ′ ⊂ Y , considered as a point of the dual
projective space Pˇ5 was shown in [MT2] to be a Lagrangian fibration.
We will show that our results provide constructions of symplectic forms on both these moduli
spaces. The 10-dimensional moduli space P (Y ) can be dealt with in a straightforward way.
We will explain in Section 7 that all sheaves i∗E belonging to this moduli space are contained
in the subcategory CY of Db(Coh(Y )), hence Theorem 4.3 applies and gives a symplectic form
on P (Y ). The details of the construction can be found in Section 7.
The case of the variety F (Y ) of lines on Y is slightly more complicated. For technical reasons it
is more convenient to consider F (Y ) as the moduli space of twisted ideal sheaves Iℓ(1), where
ℓ ⊂ Y is a line. Certainly, the sheaves Iℓ(1) are not contained in CY (nor any other twist of Oℓ
or of Iℓ). However, it turns out that a simple endofunctor L : Db(Coh(Y ))→ Db(Coh(Y )) (the
left mutation in OY ) takes Iℓ(1) to the subcategory CY for every line ℓ. Explicitly, L(Iℓ(1))
is just the “second syzygy sheaf” of ℓ twisted by 1, that is the kernel of the natural map
O⊕4Y = H
0(Y, Iℓ(1))⊗ OY → Iℓ(1). In other words, Fℓ := L(Iℓ(1)) is the reflexive sheaf on Y
defined by the following exact sequence
0→ Fℓ → O
⊕4
Y → OY (1)→ Oℓ(1)→ 0. (23)
It is easy to see that for each ℓ the sheaf Fℓ is stable and is contained in the subcategory CY of
Db(Coh(Y )). Therefore, Theorem 4.3 gives a symplectic form on the module space F ′(Y ) of sta-
ble sheaves containing sheaves Fℓ. We will show in Section 5 that the map L : F (Y )→ F
′(Y ),
[ℓ] 7→ [Fℓ] is an open embedding (so F (Y ), being projective, is identified with a connected
component of F ′(Y )) hence the symplectic form on F ′(Y ) restricts to a symplectic form on
F (Y ). Moreover, we will show that this form coincides with the form αν defined in Section 2.
Remark 4.4. Another example of a symplectic variety associated to a cubic fourfold Y was
constructed recently by Iliev and Manivel [IMan]. Unfortunately, we do not know whether it is
possible to realize it as a moduli space of sheaves on Y . It would be interesting to find such a
realization. Then Theorem 4.3 would give a construction of a symplectic form on this moduli
space.
5. The variety of lines
Let Y ⊂ P5 be a smooth cubic 4-fold. Let F (Y ) be the Hilbert scheme of lines on Y . We
consider F (Y ) as the moduli space of sheaves Iℓ(1) where Iℓ ⊂ OY is the ideal of a line ℓ.
Consider the functor L : Db(Coh(Y ))→ Db(Coh(Y )) defined as follows
L(F ) = Cone{H•(Y, F )⊗OY
ev
//F },
Here ev stands for the evaluation homomorphism and Cone stands for the cone of a morphism
in the derived category. The functor L actually is the left mutation through the exceptional
line bundle OY , see [Bon, GR].
Lemma 5.1. Let ℓ ⊂ Y be a line. Then L(Iℓ(1))[−1] is isomorphic in Db(Coh(Y )) to a
reflexive sheaf Fℓ of rank 3 on Y , which fits into the exact sequence (23). Moreover, Fℓ ∈ CY .
Proof. We have H•(Y, Iℓ(1)) = C4, hence L(Iℓ(1)) = Cone{O
⊕4
Y
ev
//Iℓ(1)}. Note that the
space of global sections of O⊕4Y here is spanned by linear functions on P
5 vanishing on ℓ, and
the map O⊕4Y → Iℓ(1) is induced by considering these functions as sections of Iℓ(1). Since the
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sheaf of ideals of a line is generated by these linear functions, the evaluation homomorphism is
surjective, hence L(Iℓ(1)) = Fℓ[1], where Fℓ = Ker{O
⊕4
Y
ev
//Iℓ(1)}. Combining the sequence
0→ Fℓ → O
⊕4
Y → Iℓ(1)→ 0 (24)
with the sequence 0→ Iℓ → OY → Oℓ → 0 twisted by OY (1), we deduce (23).
Moreover, using (23) to compute H•(Y,F(−q)) for q = 0, 1, 2, we conclude that Fℓ ∈ CY . 
Proposition 5.2. For any line ℓ ⊂ Y , the sheaf Fℓ is stable. Moreover, for ℓ 6= ℓ′ we have
Fℓ 6∼= Fℓ′.
Proof. The sheaf Fℓ is reflexive of rank 3 with c1(Fℓ) = −1, hence for stability it suffices to
check that H0(Y,Fℓ) = H0(Y,F∨ℓ (−1)) = 0. But H
0(Y,Fℓ) = 0 since Fℓ ∈ CY , and by Serre
duality H0(Y,F∨ℓ (−1)) = H
4(Y,Fℓ(−2)) = 0 since Fℓ ∈ CY .
Further, note that (23) implies that Ext 1(Fℓ,OY ) ∼= Ext
3(Oℓ(1),OY ) ∼= Oℓ, whereof it follows
that Fℓ 6∼= Fℓ′ for ℓ 6= ℓ′. 
Corollary 5.3. For any line ℓ ⊂ Y , we have dimHom(Fℓ,Fℓ) = dimExt
2(Fℓ,Fℓ) = 1,
dimExt1(Fℓ,Fℓ) = 4.
Proof. The equality dimHom(Fℓ,Fℓ) = 1 follows from the stability of Fℓ, and
dimExt2(Fℓ,Fℓ) = 1 follows from (22). It also follows from (22) that Ext
p(Fℓ,Fℓ) = 0 for
p > 2. Therefore, dimExt1(Fℓ,Fℓ) can be computed by Riemann–Roch. 
Proposition 5.4. The map L : Ext1(Iℓ(1), Iℓ(1)) → Ext
1(Fℓ,Fℓ) induced by the functor L is
an isomorphism.
Proof. Applying the functor Hom(−,Fℓ) to (24) and taking into account that Hom(OY ,Fℓ) = 0,
we conclude that
Extp(Fℓ,Fℓ) ∼= Ext
p+1(Iℓ(1),Fℓ)
for all p. Further, note that by Serre duality we have
Extp(Iℓ(1),OY ) ∼= Ext
4−p(OY , Iℓ(−2))
∨ ∼= H3−p(ℓ,Oℓ(−2))
∨ =
{
C, if p = 2
0, otherwise
Therefore, applying the functor Hom(Iℓ(1),−) to (24), we obtain the exact sequence
0→Hom(Iℓ(1),Fℓ)→ 0 →Hom(Iℓ(1), Iℓ(1))→
→ Ext1(Iℓ(1),Fℓ)→ 0 → Ext
1(Iℓ(1), Iℓ(1))→
→ Ext2(Iℓ(1),Fℓ)→C4→ Ext
2(Iℓ(1), Iℓ(1))→
→ Ext3(Iℓ(1),Fℓ)→ 0 → Ext
3(Iℓ(1), Iℓ(1))→
→ Ext4(Iℓ(1),Fℓ)→ 0 → Ext
4(Iℓ(1), Iℓ(1))→ 0.
The composition of the map Ext1(Iℓ(1), Iℓ(1)) → Ext
2(Iℓ(1),Fℓ) with the isomorphism
Ext2(Iℓ(1),Fℓ) ∼= Ext
1(Fℓ,Fℓ) clearly coincides with the map induced by the functor L, hence
L : Ext1(Iℓ(1), Iℓ(1)) → Ext
1(Fℓ,Fℓ) is injective. But dimExt
1(Iℓ(1), Iℓ(1)) = 4, since this is
the tangent space to the smooth 4-dimensional moduli space F (Y ), and dimExt1(Fℓ,Fℓ) = 4
by Corollary 5.3. Hence the map L is an isomorphism. 
Let F ′(Y ) denote the moduli space of stable sheaves on Y containing sheaves Fℓ. Consider the
map F (Y )→ F ′(Y ) defined by the functor L, ℓ 7→ L(Iℓ(1))[−1] = Fℓ.
Proposition 5.5. The map L : F (Y ) → F ′(Y ), ℓ 7→ Fℓ is an isomorphism of F (Y ) with a
connected component of F ′(Y ).
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Proof. We already know that L induces an isomorphism on tangent spaces, hence it is e´tale.
On the other hand, if ℓ 6= ℓ′ then Fℓ 6∼= Fℓ′. Hence L is injective. Thus L has to be an
open embedding. Since F (Y ) is a projective variety, its image is closed. Therefore, L is an
isomorphism onto a connected component. 
It is an interesting question, whether F ′(Y ) = F (Y ), or not.
Theorem 5.6. The map L : F (Y )→ F ′(Y ), ℓ 7→ Fℓ agrees up to a sign with the forms αν. In
particular, the form αν on F (Y ) is symplectic.
Proof. Let us denote the form αν on F (Y ) by α, and the form αν on F
′(Y ) by α′.
Take any line ℓ on Y and any a, b ∈ Ext1(Iℓ(1), Iℓ(1)). As it was shown in the
proof of Theorem 4.3 the value α(a, b) is the trace of the following composition of mor-
phisms Iℓ(1)
b
//Iℓ(1)[1]
a
//Iℓ(1)[2]
ǫIℓ(1)
//Iℓ(−2)[4] in the derived category D
b(Coh(Y )), and
α′(L(a),L(b)) is the trace of the composition Fℓ
L(b)
//Fℓ[1]
L(a)
//Fℓ[2]
ǫFℓ
//Fℓ(−3)[4]. By functo-
riality of the Yoneda multiplication and of the linkage class we have the following commutative
diagram in Db(Coh(Y ))
Fℓ //
L(b)

O⊕4Y
//
0

Iℓ(1) //
b

Fℓ[1]
−L(b)

Fℓ[1] //
L(a)

O⊕4Y [1]
//
0

Iℓ(1)[1] //
a

Fℓ[2]
−L(a)

Fℓ[2] //
ǫFℓ

O⊕4Y [2]
//
0

Iℓ(1)[2] //
ǫIℓ(1)

Fℓ[3]
−ǫFℓ

Fℓ(−3)[4] // OY (−3)
⊕4[4] // Iℓ(−2)[1] // Fℓ(−3)[5]
Since the trace is additive and the trace of the second column is 0, we conclude that
α′(L(a),L(b)) = −α(a, b). 
Remark 5.7. The same argument shows that the 2-form on F (Y ) considered as the moduli
space of ideal sheaves Iℓ agrees up to a sign with the 2-form on F (Y ) considered as the moduli
space of structure sheaves Oℓ.
In the next section we will compute the form α on F (Y ) explicitly in coordinates.
6. Closed forms on Hilbert schemes
Let Y be a projective variety. Fix an ample line bundle O(1) and a Hilbert polynomial h of
some reduced equidimensional proper closed subscheme Z0 ⊂ Y . Consider the moduli space P
of stable sheaves on Y with Hilbert polynomial h. Then it has an open subscheme P0 parame-
terizing torsion free sheaves of rank 1 on subschemes Z ⊂ Y with the same Hilbert polynomial
as Z0. We obtain a morphism p : P0 → Hilb
h(Y ) to the Hilbert scheme parameterizing the
subschemes Z ⊂ Y with Hilbert polynomial h. The fiber of p : P0 → Hilb
h(Y ) over a point
[Z] ∈ Hilbh(Y ), if nonempty, is a partial compactification of the generalized Picard scheme
Pic0(Z).
In this section we will give another interpretation of the forms αω constructed in (12) in the
special case when the moduli space is P0. Actually we will show that for some ω the form αω
is the pullback of a 2-form on Hilbh(Y ), at least over the open subset of P0 consisting of line
bundles on locally complete intersection subschemes Z ⊂ Y . As an application we will give an
explicit formula for the symplectic form on the Hilbert scheme of lines on a cubic fourfold.
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Let n = dimY and m = n − deg h be the codimension in Y of subschemes parameterized by
Hilbh(Y ). The tangent space to Hilbh(Y ) at a point [Z] ∈ Hilbh(Y ) is canonically isomorphic
to H0(Z,NZ/Y ). Let Hilb
h
lci(Y ) ⊂ Hilb
h(Y ) denote the open subset of equidimensional locally
complete intersection subschemes. Recall that for any [Z] ∈ Hilbhlci(Y ) we have the adjunction
exact triple
0→ N ∨Z/Y
κ
−→ Ω1Y |Z → ΩZ → 0.
Denote by κ ∈ H0(Z,NZ/Y ⊗ Ω
1
Y |Z) = Hom(N
∨
Z/Y ,Ω
1
Y |Z) the element corresponding to
the first morphism in this triple. Take any ω ∈ Hn−m(Y,Ωn−m+2Y ) and denote by ω|Z ∈
Hn−m(Z,Ωn−m+2Y |Z ) its restriction to Z. We define a 2-form βω on Hilb
h
lci(Y ) as follows. For
any s1, s2 ∈ H0(Z,NZ/Y ) we set
βω(s1, s2) = (κ
∧(m−2) ∧ s1 ∧ s2 ∧ ω|Z) ∩ [Z], (25)
where κ∧(m−2) is the (m − 2)-fold wedge product of κ in H0(Z,∧m−2NZ/Y ⊗ Ω
m−2
Y |Z ), so that
κ∧(m−2) ∧ s1 ∧ s2 ∧ ω|Z ∈ H
n−m(Z,∧mNZ/Y ⊗ Ω
n
Y |Z)
∼= Hn−m(Z,ΩmZ ).
Let P◦ ⊂ p−1(Hilbhlci(Y )) denote the open subset of P0 consisting of line bundles on subschemes
Z ⊂ Y .
Theorem 6.1. We have αω = p
∗βω on P◦.
Proof. Take any F ∈ P◦ and put [Z] = p([F ]). By definition of p this means that F ∼= i∗F
for some line bundle F on Z, where i : Z → Y is the embedding and Z is a locally complete
intersection in Y . Take any v1, v2 ∈ Ext
1(F ,F).
By the definition of α, we should compute the product Atm−2Y (F)◦v1◦v2 in Ext
m(F ,F⊗Ωm−2Y ),
then take its trace in Hm(Y,Ωm−2Y ) and finally couple it with ω ∈ H
n−m(Y,Ωn−m+2Y ). By
Proposition 1.4.3 the trace factors through
H0(Y, Ext m(F ,F ⊗ Ωm−2Y ))
∼= H0(Z, F ∨ ⊗ F ⊗ ∧mNZ/Y ⊗ Ω
m−2
Y |Z ) = H
0(Z,∧mNZ/Y ⊗ Ω
m−2
Y |Z ),
hence it suffices to compute the image of Atm−2Y (F) ◦ v1 ◦ v2 in H
0(Z,∧mNZ/Y ⊗ Ω
m−2
Y |Z )
and then apply the canonical map can : H0(Z,∧mNZ/Y ⊗ Ω
m−2
Y |Z ) → H
m(Y,Ωm−2Y ). By
Lemma 1.3.3 this image coincides with the product of the (m − 2)-th wedge power of the
image of AtY (F) in H
0(Y, Ext 1(F ,F ⊗ Ω1Y )) = H
0(Z,NZ/Y ⊗ Ω
1
Y |Z) and of the images of
v1, v2 in H
0(Y, Ext 1(F ,F)) = H0(Z,NZ/Y ). By Theorem 3.2 (iii) the image of AtY (F) in
H0(Z,NZ/Y ⊗ Ω1Y |Z) equals κ. The images of vi are equal to p∗(vi). So, by Lemma 1.3.2 (ii)
we have
αω(v1, v2) = can(κ
∧(m−2) ∧ p∗(v1) ∧ p∗(v2)) ∪ω ∩ [Y ].
Further, we note that the cap-products ∩ [Y ] and ∩ [Z] are nothing but the Serre duality on Y
and Z respectively. Therefore, by Lemma 1.4.4 we have
can(−) ∪ω ∩ [Y ] = (−) ∪ω|Z ∩ [Z]
which completes the proof. 
Now we apply Theorem 6.1 in the following case. We take for Y a smooth cubic hypersurface
in P5 (a cubic 4-fold), and h(n) = n + 1.
Lemma 6.2. If F is a semistable sheaf on Y with Hilbert polynomial hF(n) = n + 1 then
F = Oℓ, the structure sheaf of a line ℓ ⊂ Y .
Proof. By Riemann–Roch we have ch(F) = [ℓ] − 1
2
[pt], hence F is a rank 1 sheaf on a line.
By semistability F has no 0-dimensional torsion, hence F ∼= Oℓ(k) for some k ∈ Z. Finally,
computing hOℓ(k)(n) = n + (k + 1), we conclude that k = 0. 
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We conclude that P = Hilbh(Y ) = F (Y ) is the Hilbert scheme of lines and the projection map
p : P → Hilbh(Y ) is the identity. Thus, Theorem 6.1 gives a way to compute the form αω. We
are going to do this explicitly.
Recall that Ω4Y
∼= OY (−3) ∼= N ∨Y/P5. So, we take the form ω ∈ H
1(Y,Ω3Y ) corresponding to the
extension νY/P5 ∈ Ext
1(ΩY ,N ∨Y/P5) under the isomorphisms
Ext1(ΩY ,N
∨
Y/P5) = H
1(Y, TY ⊗OY (−3)) ∼= H
1(Y, TY ⊗ Ω
4
Y )
∼= H1(Y,Ω3Y ).
According to (25) we have to compute κ ∧ ω|ℓ.
Lemma 6.3. The wedge product
κ ∧ ω|ℓ ∈ H
1(ℓ,Nℓ/Y ⊗ Ω
4
Y |ℓ)
∼= H1(ℓ,Nℓ/Y (−3)) ∼= H
1(ℓ,Nℓ/Y ⊗N
∨
Y/P5|ℓ)
is given by the extension class of the normal bundles exact sequence
0−→Nℓ/Y−→Nℓ/P5−→NY/P5|ℓ−→0. (26)
Proof. Consider the following commutative diagram
0

0

N ∨Y/P5|ℓ

N ∨Y/P5|ℓ

0 // N
∨
ℓ/P5
//

ΩP5|ℓ //

Ωℓ // 0
0 // N
∨
ℓ/Y
κ
//

ΩY |ℓ //

Ωℓ // 0
0 0
Note that the form ω|ℓ by definition is given by the restriction of the extension νY/P5 to ℓ
which coincides with the middle column of the diagram. Therefore, κ∧ω|ℓ equals the extension
class of the left column. It remains to note that the extension classes of dual exact sequences
coincide. 
So, to compute αω = βω, it remains to identify the element σ ∈ H1(ℓ,Nℓ/Y (−3)) corresponding
to the extension class of (26).
Recall that according to [CG], there are two possibilities for the normal bundle Nℓ/Y of a line
ℓ in Y . We have either Nℓ/Y = O ⊕ O ⊕ O(1), or Nℓ/Y = O(−1) ⊕ O(1) ⊕ O(1). The lines
ℓ with the normal bundle of the first type fill an open subset of F (Y ) and the lines with the
normal bundle of the second type fill a subset of codimension 2 in F (Y ).
First of all consider the case of Nℓ/Y = O ⊕ O ⊕ O(1). Denote by e1, e2, e3 rational sections
of twists of Nℓ/Y such that Nℓ/Y = Oe1 ⊕ Oe2 ⊕ O(1)e3. Then the sequence (26) twisted by
O(−3) takes form
0→ Oℓ(−3)e1 ⊕Oℓ(−3)e2 ⊕Oℓ(−2)e3 → Oℓ(−2)
⊕4 → Oℓ → 0.
We see that σ is a generator of the kernel of the map
H1(ℓ,Oℓ(−3)e1 ⊕Oℓ(−3)e2 ⊕Oℓ(−2)e3)→ H
1(ℓ,Oℓ(−2)
⊕4).
This implies that the component σ3 of σ in the third summand Oℓ(−2) of Nℓ/Y (−3) is zero,
while the components σ1 and σ2 in the first two summands are linearly independent elements
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of H1(ℓ,Oℓ(−3)). Using the Serre duality H1(ℓ,Oℓ(−3)) ∼= H0(ℓ,O(1))∨, let us endow ℓ with
homogeneous coordinates t0, t1, dual to σ1, σ2. The sections vi ∈ H0(ℓ,Nℓ) can be written as
vi = aie1 + bie2 + (cit0 + dit1)e3.
Then it is clear that
αω(v1, v2) = σ ∧ v1 ∧ v2 = b1c2 − b2c1 − a1d2 + a2d1. (27)
The case of Nℓ/Y = O(−1)⊕O(1)⊕O(1) is considered similarly. Denote by e1, e2, e3 rational
sections of twists of Nℓ/Y such that Nℓ/Y = O(−1)e1⊕O(1)e2⊕O(1)e3. Then the sequence (26)
twisted by O(−3) takes form
0→ Oℓ(−4)e1 ⊕Oℓ(−2)e2 ⊕Oℓ(−2)e3 → Oℓ(−2)
⊕4 → Oℓ → 0.
Then σ is a generator of the kernel of the map
H1(ℓ,Oℓ(−4)e1 ⊕Oℓ(−2)e2 ⊕Oℓ(−2)e3)→ H
1(ℓ,Oℓ(−2)
⊕4).
This implies that the components σ2 and σ3 of σ are zero, while the component σ1 is
a nondegenerate element of H1(ℓ,Oℓ(−4)) ∼= S
2H1(ℓ,Oℓ(−3)). Using the Serre duality
H1(ℓ,Oℓ(−3)) ∼= H0(ℓ,O(1))∨, let us endow ℓ with homogeneous coordinates t0, t1, which
are isotropic for σ1. The sections vi ∈ H0(ℓ,Nℓ) can be written as
vi = (ait0 + bit1)e2 + (cit0 + dit1)e3.
Then it is clear that
αω(v1, v2) = σ ∧ v1 ∧ v2 = b1c2 − b2c1 + a1d2 − a2d1. (28)
7. A 10-dimensional example
Let X be a smooth 3-dimensional cubic hypersurface in P4. By a normal elliptic quintic in X ,
we mean a curve C ⊂ P4, contained in X and projectively equivalent to the image of an elliptic
curve E by the linear system |5o|, where o ∈ E is a point of E. Equivalently, C is a smooth
connected curve in X of degree 5 and of genus 1 such that its linear span 〈C〉 is P4, see [Hu].
To each C as above, we associate the vector bundle E = EC obtained from C by Serre’s
construction:
0−→OX
s
−−−→ E(1)
t
−−−→ IC(2)−→0 , (29)
where IC = IC,X is the ideal sheaf of C in X , and s is a section of E(1) which has C is its zero
locus. Since the class of C modulo algebraic equivalence is 5[ℓ], where ℓ is a line in X and [ℓ]
as its class in H4(X,Z), (29) implies that c1(E) = 0, c2(E) = 2[ℓ]. Further, det E is trivial, and
hence E is self-dual as soon as it is a vector bundle (that is, E∨ ≃ E). See [MT2, Sect. 2] for
further details on this construction. As follows from [IMar], [B1], [Dr] (see also [B2], where the
relevant results of the other three papers are summarized) or [Ku1], the vector bundles E of
this type have several other equivalent characterizations:
Theorem 7.1. Let E be a rank-2 vector bundle on X. Then the following properties are
equivalent:
(i) E is stable with Chern classes c1 = 0, c2 = 2[ℓ].
(ii) E is isomorphic to a vector bundle obtained by Serre’s construction (29) from a normal
elliptic quintic C ⊂ X.
(iii) E has Chern classes c1 = 0, c2 = 2[ℓ] and the intermediate cohomology of the twists of E
vanishes:
H i(X, E(j)) = 0 for i = 1, 2 and for all j ∈ Z.
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(iv) There exists a Pfaffian representation of X, that is a skew-symmetric 6 by 6 matrix M
of linear forms on P4 such that the equation of X is Pf(M) = 0, and E ≃ K(1), where K is
the kernel bundle of M : it is defined as a rank 2 subbundle of the trivial rank-6 bundle O⊕6X
over X whose fiber Kx over x ∈ X is the kernel of the rank-4 linear map M(x) : C6−→C6.
Equivalently, E(1) ≃ C, where C is the cokernel bundle of M .
(v) There exists a skew-symmetric 6 by 6 matrix M of linear forms on P4 such that E(1)
considered as a sheaf on P4 can be included in the following exact sequence:
0−→O(−1)⊕6
M
−→ O⊕6−→E(1)−→0.
The vector bundles as in the above theorem possess the following property:
Lemma 7.2. Let E be a vector bundle on X satisfying any of the equivalent conditions (i)–(v)
of Theorem 7.1. Then H•(X, E) = H•(X, E(−1)) = H•(X, E(−2)) = 0.
Proof. Follows immediately from Theorem 7.1 (v). 
Let MX = MX(2; 0, 2) be the moduli space of stable rank-2 vector bundles with Chern classes
c1(E) = 0, c2(E) = 2[ℓ]. There is a natural map φX : M−→J(X) to the intermediate Jacobian
J(X) of X , well-defined modulo a constant translation in J(X). It can be described as follows.
According to [Mur], the Chow group A1(0)X of algebraic 1-cycles of degree 0 on a smooth
cubic threefold X modulo rational equivalence is canonically isomorphic to the intermediate
Jacobian J(X). Taking any 1-cycle Z0 of degree d on X , we obtain also an identification
A1(d)X−→A1(0)X = J(X) for the set A1(d)X of rational equivalence classes of degree-d cy-
cles, (Z) ∈ A1(d)X 7→ (Z − Z0) ∈ J(X), where (Z) denotes the class of Z modulo rational
equivalence. This is nothing but the Abel–Jacobi map on the algebraic cycles of degree d.
Grothendieck defined in [Gro] the Chern classes with values in the Chow groups of algebraic
cycles modulo rational equivalence. Let us denote these Grothendieck–Chern classes by ci(E).
Then the wanted map φX can be defined by [E ] ∈MX 7→ c2(E)− (Z0) for some fixed reference
1-cycle Z0 of degree 2. One can choose, for example, Z0 = 2ℓ. Remark that if E = EC is
obtained by Serre’s construction from a normal elliptic quintic C, then c2(E) = (C)−h2, where
h2 is the class of plane cubic curve, a linear section P2 ∩X .
It follows from the results of [MT1], [IMar] and [Dr] that φX is an open immersion, thus
MX(2; 0, 2) is isomorphic to an open subset of J(X) (see also [B2] and [Ku1]).
Now we are passing to dimension 4. Let Y ⊂ P5 be a nonsingular cubic fourfold. Denote
by P (Y ) the moduli space of sheaves on Y of the form i∗E , where [E ] ∈ MX(2; 0, 2), X is a
nonsingular hyperplane section of Y , and i : X → Y is the embedding. There is a natural
map π : P (Y )−→Pˇ5 whose image is the complement of Y ∨, the projectively dual variety of Y .
According to [MT2], P (Y ) is a nonsingular 10-dimensional variety.
Let ν be the generator of H1(Y,Ω3Y ) ≃ C defined in Theorem 4.3, and αν the associated 2-form
on P (Y ). We have already proved its closedness in Section 2. Now we will see its nondegeneracy.
Theorem 7.3. The 2-form αν on the moduli space P (Y ) is nondegenerate.
Proof. By Lemma 7.2, we have E ∈ CY for every [E ] ∈ P (Y ). So, Theorem 4.3 applies. 
Remark 7.4. The paper [MT2] provides a construction of a nondegenerate 2-form on P (Y ), but
does not prove its closedness. It is just the Yoneda pairing Λ, as defined by (10), and one can
treat it as a global 2-form on P (Y ) because the 1-dimensional vector spaces Ext2(i∗E , i∗E) fit
into a trivial line bundle on P (Y ) as E runs over P (Y ). It is also proved in loc. cit. that π is
a Lagrangian fibration for Λ. As αν factors through Λ, the same holds for αν .
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Remark 7.5. The second Chern class mappings E 7→ c2(E) ∈ A1(2)X over the smooth hyperplane
sections X of Y identify P (Y ) with an open subset of the family A of varieties A1(2)X . The
latter family is an algebraic torsor under the relative intermediate Jacobian J of the family
of smooth hyperplane sections of Y . By [DM], 8.5.2 , J has a natural symplectic structure
αJ such that the map J−→Pˇ5 is a Lagrangian fibration; let us say for short that αJ is a
Lagrangian structure on J /Pˇ5. It is easy to see that a Lagrangian structure on a family of
abelian varieties induces a Lagrangian structure on any its algebraic torsor. Let us denote the
thus induced Lagrangian structure on A/Pˇ5 by αA. Then it is plausible that αν coincides with
the restriction of αA up to a constant factor. A way to prove this might be to find a partial
compactification P (Y ) of P (Y ), such that h0(Ω2
P (Y )
) = 1 and both αν , αA extend to P (Y ).
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